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1 Introduction: The Heat Equation

Heat is the measurement of the average kinetic energy of the molecules of a substance. For example,
�uids like water or air have particles that are moving constantly all over the place, so that motion carries
energy. Heat transfers between objects as these particles collide with each other (conduction), transfer from
the collective motion of particles (convection), or as collisions cause subatomic processes to emit radiation
such as light or infrared radiation (think of a heat lamp like in a reptile tank).

Because this is a very complicated system, it is much easier to describe the �ow of energy via di�erential
equations rather than physical states. A simple version of this is Newton's Law of Cooling, a separable ODE
that describes simple heat �ow between a medium of constant temperature M and an object of temperature
T in this medium. The rate of change of the temperature of the object is proportional to the di�erence in
temperature, where the constant of proprtionality depends on the conductivity of the object and medium.
Writing this symbolically gives

dT

dt
= k(M − T )

This is a very simple model, as the heat of the medium usually changes (especially nearby the object), like
with ice in a glass of water. This is most suitable for a system with no change states, a medium with a large
thermal mass and either very high conductivity or currents to maintain the constant temperature, and no
phase changes.

Joseph Fourier resolved many of these limitations by developing the heat equation in the early 19th
century. While it is simpli�ed compared to most situations (just asks anyone who has taken thermodynamics),
it describes basic systems well

2 Model: Heat Flow in a Metal Plate

Let the temperature at time t ∈ [0,∞) and position x ∈ be u(t, x).
We require two physical facts about heat. The �rst is that temperature is proportional to internal energy

of a material, where the constant of proportionality is called the speci�c heat c. The thermal energy along
a domain is then

U = c

∫︂
D

ρudx

where ρ is the density of the material, which we will assume to be constant. Next, Fourier's law of heat
conduction describes how heat moves from hotter to colder regions. Hotter regions have more particle
movement, so more collisions. At a barrier between two regions of di�erent temperature, the hotter side will
have more incoming collisions, thus transferring energy to the colder region. In math, this may be written
as �temperature �ux at a point is proportional to the thermal di�erence", or

q = −k∇u
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2.1 Alternate Derivation: Einstein and Brownian Motion2 MODEL: HEAT FLOW IN A METAL PLATE

for k > 0 the thermal conductivity of the material. Notice that this resembles Newton's law of cooling above,
but in higher dimensions.

We assume that the rod is isolated, so no energy is gained from or lost to the environment. This allows
is to use conservation of energy to say that the rate of change of thermal energy in a domain D is

dU

dt
(t) =

∫︂
∂D

ν · qdS

⇔∫︂
D

(cρ∂tu +∇q) dx = 0

⇔∫︂
D

(cρ∂tu− k∆u) dx = 0

Using our standard trick, since this holds for every segment, we must have

cρ∂tu− k∆u = 0
∂tu− C∆u = 0

the heat equation.
In a rod of �nite length (domain (0, l)), we could have several boundary conditions. For example, Dirichlet

conditions like u(t, 0) = T0 could amount to a heating element on one side of the rod. If both ends are held
at temperature T0, then we notice that this temperature spreads across the rode and we wind up with a
stead-state solution (time-independent, or long-term behavior) of just T0. If We have u(t, l) = T1, we instead
see a time-independent solution

u(x) = T0(1−
x

l
) + T1

x

l

If, instead, the ends are insulated, we have Neumann conditions ∂xu(t, 0) = ∂xu(t, l) = 0.

Example: Assume we have a rod of length π, Dirichlet BC u(t, 0) = u(t, π) = 0. Using separation of
variables, we obtain equations

h′(t) = −Kh
ϕ′′(x) = −Kϕ(x)

giving solutions

u(t, x) = e−n2t sin(nx)

which all lose energy to the endpoints and decay to 0 as time approaches in�nity. In the insulated
endpoint case, we would instead of

u(t, x) = e−n2t cos(nx)

where n = 0 provides the constant, or steady-state solution.

2.1 Alternate Derivation: Einstein and Brownian Motion

Brownian motion is a stochastic process originally developed by botanist Robert Brown in attempts
to predict the motion of pollen particles in water. It was then developed more mathematically by Louis
Bachelier, before being picked up by Einstein who used the bolstered theory to describe the motion of
individual atoms in 1905 (this actually provided some of the evidence to support the existence of atoms,
since they had not yet been experimentally con�rmed).
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3 SOLUTION BY SCALE INVARIANCE

His argument went as follows. Suppose there are a total of n particles distributed along the real line.
Over time, we expect the position of the particles to change by some random amount, ϕ, which is to say
that in the time interval τ , the number of particles experiencing a displacement between σ and σ + δσ is∫︂ σ+δσ

σ

nϕdσ ≈ nϕ(σ)δσ

where the approximation is more accurate for smaller δσ. We usually write theis as nϕ(σ)dσ to represent
the probability distribution or measure. Since ϕ is a probability distribution,

∫︁
ϕdσ = 1.

We also assume that the displacements are symmetric (equally likely to move left or right), so ϕ(σ) =
ϕ(−σ). Suppose the distribution of particles at time t is given by a density function ρ(t, x), so we relate
ρ(t, x) to ρ(t + τ, x) by

ρ(t + τ, x) =
∫︂ ∞

−∞
ρ(t, x− σ)ϕ(σ)dσ

by the previous argument (ρ takes the place of n). We wish to somplify this, so we expand using Talyor
series

ρ(t + τ, x) = ρ(t, x) + ∂tρ(t, x)τ + ...

ρ(t, x− σ) = ρ(t, x)− ∂xρ(t, x)σ +
1

2
∂2xρ(t, x)σ

2 + ...

such that putting both in the integral gives

ρ(t, x) + ∂tρ(t, x)τ + ... =
∫︂
ϕ

[︃
ρ(t, x)− ∂xρ(t, x)σ +

1

2
∂2xρ(t, x)σ

2 + ...

]︃
dσ

∂tρ(t, x)τ + ... =
∫︂
ϕ

[︃
−∂xρ(t, x)σ +

1

2
∂2xρ(t, x)σ

2 + ...

]︃
dσ

since ϕ is even, we lose the linear term as well when we integrate

∂tρ(t, x)τ + ... = 1

2
∂2xρ(t, x)

∫︂
σ2ϕdσ + ...

Einstein assumes that the term
∫︁
σ2ϕdσ, the second moment of ϕ is constant. He also assumes that

higher even moments are negligible (so we need only the leading term on the right side), so that for a very
short time period τ we may keep only the leading term on the left side and obtain

∂tρ = C∂2t ρ

Thus, the heat equation appears here to describe the movement of particles instead of the movement of
energy. For this reason, it is also called the di�usion equation in some situations, and may be used to model
anything from disease spread to market changes.

3 Solution by Scale Invariance

We were able to solve the higher-dimensional wave equation by noting the rotation invariance of the
Laplacian. Here, we notice that the heat equation in 1D

∂tu− ∂2xu = 0
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3 SOLUTION BY SCALE INVARIANCE

is invariant under the rescaling (t, x) ↦→ (λ2t, λx) for nonzero λ. This suggests a solution may tie to the
scale-invariant ratio y = x√

t
. We aim for a solution of the form u(t, x) = q(y). This has the goal of reducing

to a single variable to obtain an ODE. By the chain rule,

∂tu = − y

2t
q′

∂2xu =
1

t
q′′

so the PDE is

q′′ = −y
2
q′

which may be solved by separation of variables to obtain

q′(y) = q′(0)e−y2/4

q(y) = q′(0)

∫︂ y

0

e−z2/4dz + q(0)

or

u(t, x) = C1

∫︂ x/
√
t

0

e−y2/4dy + C1

Recall that
∫︁∞
0
e−y2/4dy =

√
π (the Gaussian integral), so

lim
t→0

u(t, x) =

⎧⎪⎨⎪⎩
C1

√
π + C2 x > 0

0 x = 0
−C1

√
π + C2 x < 0

Because of this, we often normalize to

U(t, x) = 1√
4π

∫︂ x√
t

0

e−y2/4dy + 1

2

because these constants form the step behavior as t → 0 above into a the Heaviside step function H,
which is 0 for x < 0 and 1 for x > 0. In fact, this step behavior can be used to derive a more general formula.
Suppose we have initial condition u(0, x) = ϕ(x) ∈ C∞

c . We notive that by the Fundamental Theorem of
Calculus, ∫︂ ∞

−∞
ϕ′(z)H(x− z)dz =

∫︂ x

−∞
ϕ′(z)dz = ϕ(x)

which suggests that

u(t, x) =
∫︂ ∞

−∞
ϕ′(z)U(t, x− z)dz

solves the heat equation with this initial condition. To simplify this, when t > 0 we integrate by parts to
obtain

u(t, x) = 1√
4πt

∫︂
ϕ(z)e−(x−z)2/4tdz

where the function

Ht(x) =
1√
4πt

e−x2/4t
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3.1 Integral Formula 3 SOLUTION BY SCALE INVARIANCE

is called the heat kernel, and this is the convolution u = Ht ∗ ϕ. Let us introduce another special function
called the dirac delta function. It isn't truly a function, but is instead something else called a distribution.
We won't worry about the theory of distributions here, but we think of δ0 as being 0 when x ̸= 0 and ∞
when x = 0, in particular so ∫︂

δ0(x)ϕ(x)dx = ϕ(0)

This is often called a �point charge" in electrical physics, or a �point mass" in measure theory. The fact
we have used above is that, in some sense, as t → 0, �Ht → δ0" where we haven't de�ned this convergence
rigorously. This is a very important idea that lead to the creation of Fourier series and Fourier
transforms, as well as the concept of weak solutions in PDEs.

3.1 Integral Formula

Next, we consider the higher-dimensional heat equation on Rn, ∂tu − ∆u = 0, with initial condition
u(0, x) = g(x). From our previous 1D case, we take the guess that the heat kernel

Ht(x) = (4πt)−n/2e−|x|2/4t

will allow a solution by convolution. Indeed,Ht(x) itself is a solution of the heat equation, and the convolution
should give us the initial conditions. This is the case.
[3.1] For a bounded function g ∈ C0(Rn), the heat equation

(∂t − ∆)u = 0
u|t=0 = g

admits a classical solution given by u(t, x) = Ht ∗ g(x).

Proof:

First, we need to check that Ht ∗ g solves the heat equation for t > 0. Since

u(t, x) =
∫︂
Rn

Ht(x− y)g(y)dy

we should expect that

(∂t − ∆)u =
∫︂
Rn

g(y)(∂t − ∆)Ht(x− y)dy = 0

since Ht is a head solution. However, since the domain is unbounded, we cannot directly apply the
Leibniz rule to conclude this.

Let us �rst treat the partial derivative in t. Notice,

∂t(Ht ∗ g) = lim
h→0

[
Ht+h −Ht

h
] ∗ g

Then, for small h we may apply Taylor's theorem to notice

Ht+h −Ht = h∂tHt(x) + ∂2tHt+ξ(x)h
2/2

for ξ between 0 and h. The main insight here is that, for small h and �xed t, we have that

|∂2tHt+ξ(x)h
2/2| ≤ h2Cte

−|x|2/2t

Hence,

|[Ht+h −Ht

h
− ∂tHt] ∗ g| ≤ hCt|e−|x|2/2t ∗ g|
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3.1 Integral Formula 3 SOLUTION BY SCALE INVARIANCE

and as h→ 0, the limit above converges to ∂tHt ∗ g. A similar argument works for ∆.
Next, we check the initial conditions. This is done by a change-of-variables to stabilize Ht. Let

w = y−x√
t
so dy =

√
t
n
dy. Then,

u(t, x) = (4π)−n/2

∫︂
e−|w|2g(x + t1/2w)dw

=

∫︂
H1(w)g(x + t1/2w)dw

Since we also have g(x) =]intH1(w)g(x)dw,

u(t, x)− g(x) =
∫︂
H1(w)

[︂
g(x + t1/2w − g(x))

]︂
dw

We separate this integral into two parts to show it is small. Pick ϵ > 0 First, when w is large,
H1(w) is very small. In particular, for large w we have

∫︁
|w|≥R

H1(w)dw ≤ ϵ. For |g| ≤M ,∫︂
|w|≥R

H1(w)
[︂
g(x + t1/2w − g(x))

]︂
dw ≤ 2Mϵ

Next, for small w, we use the continuity of g. Pick δ > 0 such that if |y| < δ, |g(x− y)− g(x)| < ϵ.

Then, if we take t < δ2

R2 , we have t1/2w < δ and∫︂
|w|≤R

H1(w)
[︂
g(x + t1/2w − g(x))

]︂
dw ≤

∫︂
H1(w)ϵdw ≤ ϵ

Finally,

|u(t, x)− g(x)| ≤ (2M + 1)ϵ

whenever t < δ2

R2 . We conclude that

lim
t→0

u(t, x) = g(x)

Q.E.D.

We do not yet have the tools to prove uniqueness results about this solution, but we will later when we
investigate maximum principles. We are missing one important thing shown by the proof above. Because of
the properties of Ht, we were able to take partial derivatives of Ht ∗ g by just applying the derivative to Ht,
which is smooth. Hence, we have the following

[3.2] Suppose u is a bounded solution of the heat equation for a bounded initial condition g ∈ C0(Rn).
Then, u ∈ C∞((0,∞)× Rn).

We will discuss further smoothness results when we talk about Fourier series.

Example: In�nite Propagation Speed
Consider the 1D heat equation with initial data u(0, x) = ψ(x) for ψ(x) a smooth bump supported in

(−1, 1), where ψ ≥ 0. Consider the solution

u(t, x) = 1√
4πt

∫︂
e−(x−y)2/4tψ(y)dy

For any x ∈ R and any t > 0, observe that e−(x−y)2/4t is strictly positive near y = 0 (though it may be
small). Therefore, u(t, x) > 0 for any t > 0. In other words, the initial energy contained in (−1, 1) di�used
instantaneously. Contrast this to the wave equation, which had �nite speed.
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3.2 Inhomogeneous Problem 3 SOLUTION BY SCALE INVARIANCE

3.2 Inhomogeneous Problem

We now consider the problem

∂tu− ∆u = f

in positive time. This is what Duhamel's method was originally applied to. Since we have seen this method
once, we don't motivate it. Recall that the method begins by setting up the alternate PDE{︄

(ηs)t − ∆ηs = 0 t > s

ηs(t, x)|t=s = f(s, x)

and posits that the solution is u(t, x) =
∫︁ t

0
ηs(t, x)ds. We simply must check this formula carefully.

[3.3] Assume that f ∈ C2([0,∞)× Rn) and is comapctly supported. Then,

u(t, x) =
∫︂ t

0

∫︂
Rn

Ht−s(x− y)f(s, y)dyds

gives a solution to the inhomogeneous heat equation.

Proof:

First, we note that u is at least C2 by changing variables and analyzing the integral

u(t, x) =
∫︂ t

0

∫︂
Rn

Hs(y)f(t− s, x− y)dyds

Since Hs(y) is smooth in s > 0 and since f is compactly supported, di�erentiating under the
integral is okay (we may change the integration bounds to a bounded domain). Then,

∂tu(t, x) =
∫︂ t

0

∫︂
Rn

Hs(y)∂tf(t− s, x− y)dyds

+

∫︂
Rn

Ht(y)f(0, x− y)dy

and

∆u(t, x) =
∫︂ t

0

∫︂
Rn

HS(y)∆xf(t− s, x− y)dyds

Our goal here is to have the derivatives on Ht(x) since it satis�es the heat equation. Thus, we
would like to integrate by parts to move these derivatives over. However, the singularity of Ht at
t = 0 obstructs this. To treat it, we remove a small part of the integral around this singularity, and
show that this piece is negligible. Pick ϵ > 0. Then,

∫︂ t

ϵ

∫︂
Rn

Hs(y)∂tf(t− s, x− y)dyds

= −
∫︂ t

ϵ

∫︂
Rn

Hs(y)∂sf(t− s, x− y)dyds

=

∫︂ t

ϵ

∫︂
Rn

∂sHs(y)f(t− s, x− y)dyds

−
∫︂
Rn

Ht(y)f(0, x− y)dy +
∫︂
Rn

Hϵ(y)f(t− ϵ, x− y)dy

and
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4 SCHRÖDINGER'S EQUATION

∫︂ t

ϵ

∫︂
Rn

Hs(y)∆xf(t− s, x− y)dyds

=

∫︂ t

ϵ

∫︂
Rn

∆yHs(y)f(t− s, x− y)dyds

since we have no boundary on Rn. Thus,

(∂t − ∆)u =
∫︂ ϵ

0

∫︂
Rn

Hs(y)(∂t − ∆x)f(t− s, x− y)dyds + 0

+

∫︂
Rn

Hϵ(y)f(t− ϵ, x− y)dy −
∫︂
Rn

Ht(y)f(0, x− y)dy

+

∫︂
Rn

Ht(y)f(0, x− y)dy

Since f is C2 and compactly supported, we may take |(∂t − ∆x)f(t− s, x− y)| ≤ C such that

|
∫︂ ϵ

0

∫︂
Rn

Hs(y)(∂t − ∆x)f(t− s, x− y)dyds|

≤ C

∫︂ ϵ

0

∫︂
Rn

Hs(y)dyds ≤ Cϵ

Therefore, taking ϵ→ 0 shows

(∂t − ∆)u(t, x) = lim
ϵ→0

∫︂
Rn

Hϵ(y)f(t− ϵ, x− y)dy = f(t, x)

using our argument on Ht(x) from earlier.
Q.E.D.

4 Schrödinger's Equation

The Schrödinger equation is another important PDE in physics, particularly in quantum mechanics,
that has a form very similar to the heat equation. It has many other mathematical implications, as the
solution operator relates to the convergence of Fourier series, and so it has been studied by many notable
mathematicians (including my advisor). We give a brief overview of the equation here.

4.1 �Derivation"

Unlike the other equations so far, there isn't a strict derivation of the Schrödinger equation as much as
a series of heuristics that lead to it. The equation describes motion for a nonrelativistic particle. In 1924,
De Broglie postulated that matter also followed the Planck-Einstein relations that describe waves. We shall
apply these to a particle of mass p and momentum m.

Recall that the energy of the particle is the sum of kinetic and potential energy, which we write as

E = p2

2m
+ V (x, t)

for potential energy V . The Planck-Einstein relations tie the wavenumber k (2π divided by wavelength) and
the angular frequency ω (2π times frequency) to the energy and momentum of a wave

E = h̄ω, p = h̄k
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4.2 Solution: Mimic the Heat Case 4 SCHRÖDINGER'S EQUATION

where h̄ is Planck's constant h divided by 2π. Rewriting the energy equation with these gives

h̄2

2m
k2 + V = h̄ω

Since we are trying to view this particle as a wave, we de�ne a wavefunction Ψ to describe its �motion"
as a wave. The reason we need this function is that the frequency and wavelength may be obtained from
the wavefunction, and we would like to eliminate them from the equation above since they are di�cult to
understand for a particle. To write a free wave in 1D, we may use a complex function

Ψ = Cei(kx−ωt)

(from the wave equation). Now, k2 = − ∂2

∂x2Ψ, and ω = i∂tΨ. For ease of use, we also view the potential
energy as an operator on the wave function. Thus, we have

− h̄2

2m
∂2xΨ + V (x, t)Ψ = ih̄∂tΨ

The free Schrödinger equation sets V = 0, so, using units to remove constants, we wind up with the
equation

(i∂t − ∂2x)Ψ = 0

or, in higher dimensions,

(i∂t − ∆)Ψ = 0

(what you will commonly see called the Schrodinger equation in PDEs).

4.2 Solution: Mimic the Heat Case

The only di�erence between the heat and Schrödinger equations is the presence of i. In some situations,
this means big di�erences in how solutions act. However, in other ways, the solutions are still very similar.
Consider that the Schrodinger equation is also invariant under the rescaling (t, x) ↦→ (λ2t, λx). If we apply
the same scale-invariant ratio argument, setting q(y) = u(t, x) for y = x/

√
t, we see that

q′′ = − y

2i
q′

and so we see solution

q(y) = q′(0)

∫︂ y

0

e−z2/4idz + q(0)

or

u(t, x) = C1

∫︂ x/
√
t

0

e−y2/4idy + C2

as before, to solve for general initial conditions, we take the convolution and integrate by parts, obtaining
a Schrödinger kernel

St(x) = (4πit)−n/2e−|x|2/4it

(this may also be obtained by transforming t in the PDE). Hence, the solution with initial data u(0, x) =
ϕ(x) is St(x) ∗ ϕ, following the heat equation proofs almost to a �t". Duhamel's method also follows suit to
solve the inhomogeneous case.
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